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Abstract

The aim of this paper is the analysis of the prob-
lem of modelling of claim counts in insurance that 
implies the study of variations of their occurance 
through inding out the distribution which its the 
observed data most adequately. In that sense, the 
most important aspects in the process of choosing 
the probability of claim numbers have been stud-
ied on a chosen sample from a Serbian insurance 
company and it has been found that appropriate 
sample analysis that was based upon the study of 
the previous experience of the insured was one of 
the key elements from the point of view of deter-
mining adequate premium systems. 

Key words: Claim Frequency, Probability Dis-
tribution Functions, Determining Premium, Pois-
son-Gamma Distribution

1.  Introduction

In order to decide on covering certain risks, in-
surance companies carry out appropriate analysis 
of all risk factors. The classiication of risk fac-
tors according to their importance brings us to the 
second phase that is prior to the inal calculation 
of insurance premium – the phase of determining 
the size of selected risks - the process of risk quan-
tiication.  Statistical estimation of risks is based 
upon the analysis of two key measurements – fre-
quency and the amount of expected claims. Mod-
elling claim counts and claim severities are some 
of the most important pre-conditions for adequate 
premium system determination [1].

In this paper the problem of modelling of num-
ber of claims will be analysed, as well as the prob-
lems of implementation of the mentioned process 
in practice. Serbian insurer’s data on claims of the 
95.800 insured portfolio of automobile third-party 
liability insurance have been used as the base of 
analysis. The probability distribution functions 

which are commonly used in this procedure have 
been described, whereby the overall analysis on a 
selected sample has been performed. Speciic at-
tention is given to the model known as a good risk/
bad risk model. The last part of this paper repre-
sents the most important conclusions.

2.  Actuarial modelling of claim counts

Losses in insurance are happening by chance, 
which is why it is not possible to anticipate the 
exact time of their occurance, as well as their total 
number and the amount [2]. The process of deter-
mining premium rates means previously comple-
ted analysis of observed claims as well as inding 
distribution that can deine frequency and amount 
of claims. Longer periods of risk analysis pres-
ent a base for properly chosen distribution func-
tion and that is one of the biggest problems that 
insurance companies are facing with. Since there 
is not enough information from previous period, 
the analysis need to be based on the observance of 
homogenic risks or extrapolation of smaller risks. 
Also, since the most common case in practice is 
that distribution of claims is not known in advance, 
the initial assupmtion in solving this problem is 
that the unknown distribution is a member of a 
family. In this way, the task becomes to estimate 
the parameters of the chosen family using the data 
on frequency and amounts of claims. When the es-
timation of unknown parameters of distribution is 
done, then we test the goodness of it of realised 
frequencies to the distribution assumed. The most 
widely used statistical test to evaluate the good-
ness of a it is the c2

 test [3]. 
Three basic approaches used for the modelling 

of the claim counts are: empirical, analytical and 
the moments based methods. In the case of  the 
existence of bases containing the large number of 
data to run smooth and accurate assessment of the 
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cumulative distribution function it is possible to 
use empirical method. The moments based meth-
od comprises evaluation of the moments of distri-
bution, usually the mean and variance. The most 
widely accepted in the actuarial literature and in 
practice is the analytical method that involves 
inding an appropriate analytical expression that 
can describe the observed data [4]. In the follow-
ing, certain distributions from the aspect of their 
proper selection of modelling claim frequencies 
will be analyzed.

Poisson distribution occupies a central pos-
sition in discrete distribution theory that is used 
for describing events that occur randomly and 
independatly in space or time, i.e. the number of 
claims. Its application is justiied for mass events 
with very low probability.  Unlike binomial dis-
tribution, the random value of Poisson type can 
take an unlimited number of values. The random 

variable ( )tttN D+,  that describes the number of 
claims in a given time interval can be presented as 
Poisson random variable, whose probability mass 
function is:

( )
k

p = P N k e
k!k

θ θ-= = , 0>θ

Parameter θ  of Poisson distribution presents 
both mean and a variance of distribution at the 
same time, where θ  is equal to the average num-
ber of occurrences of a certain event (claim) in a 
unit of time.

( ) ( ) θ== NVarNE

One of the important features of Poisson dis-
tribution is the assumption on homogeneity of the 
population which is the subject of a certain analysis. 
However, it is not a real assumption when it comes 
to modelling of certain variables in the ield of in-
surance. This fact is well recognized in the case of 
modelling claims couts in automobile third-party 
liability insurance, where we have especially em-
phasized heterogeneity of portfolio observed [5], ie. 
difference in the behaviour of the drivers who are in-
sured. In these circumstances, the value of the vari-
ance of the observed variable of Poisson type will be 
higher than its mean value and it will be necessary to 
use other, especially compound distributions. 

In order to prove the stated fact, we are going 
to analyse a Serbian insurance company and its 
chosen portfolio of automobile third-party liabil-
ity insurance for which we will use the assumption 
of homogeneity, as well as the assumption that the 
number of claims of each insured of the observed 
homogeneous sample is a random value that can 
be approximated by Poisson distribution whose 
unknown parameter equals θ . On the basis of 
the given portfolio we will estimate an unknown 
parameter of distribution and then test whether 
empirical data it Poisson (assumed) distribution. 
Table 1 shows the distribution of the number of 
claims in the automobile third-party liability port-
folio which contains n=95.800 observations.
Table 1.  Observed distibution of  number of cla-
ims in a portfolio

Number of claims (X) Number of the insured (f
i
)

0 88.035
1 7.117
2 591
3 52
4 5
≥5 0
∑ 95.800

In the following part, it will be tested whether 
the given data adjust to the assumed, i.e. Poisson 
distribution. In other words, we are going to test 
the following statistical hypotheses:

0H : the number of claims per automobile 
third-party liability insurance policy is adjusted to 
Poisson distribution.

1H : the observed distribution of number of 
claims does not adjust to the assumed distribution.

The mean of the sample is equal to 

0.0884651

1
∑
=

=⋅⋅=
n

i
ii fX

n
x , while the vari-

ance of the observed sample is equal to 

( ) 096862.0
1

1

1

22 ∑
=

=-⋅⋅
-

=
k

i
ii xXf

n
s . An un-

known parameter of distribution is estimated by the 
moments method and it is equal to 088466.0ˆ =θ . 

Hereafter, we will carry out the testing by the 

implementation of 2c  goodnes-of-it test. Appli-
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cation of this test is based on the rule that all ex-
pected frequencies belong to ive of more group-
ing procedures, with the level of signiicance α = 
0.05.      

In order to determine expected frequencies, 
irst it is necessary to calculate the probabilities of 
Poisson type for each of the values of a random 
variable marked by: X - number of claims. Then, 
we will multiply the probabilities by the sample 
size and get itted frequencies presented in the fol-
lowing table. Thus, we have:

( ) ne
i

nHiXPf
i

i ⋅⋅=⋅==′ -θθ ˆ

0 !

ˆ
,     

    
5,4,3,2,1,0=i                     

From the  χ2 distribution, 518.72
59,0;3 =c , ac-

cording to 59..0;3
22 518.785.805 cc =>= , we 

can conclude that null hypothesis was rejected, 
so the given claim frequency in automobile third-
party liability insurance portfolio cannot adjust 
to Poisson distribution. That is especially true for 
right tail of the observed portfolio, which is why 
the data should be modeled by the distribution 
whose variance exceeds its mean. 

The hypothesis on homogeneity of the ob-
served sample of the insured is not in accordance 
with the statistical analysis. The rejection is inter-
preted as the sign that the portfolio is heteroge-
neous. This means that it is not justiied to use the 
same tariff system for all the insured of the ob-
served portfolio. The analysis should include the 
data on „behaviour“ of the insured in the past [6]. 
The mentioned example shows the fact that be-
haviour of the insured in a portfolio differs, and 
shows heterogeneity of the group which is why 

it is needed to ind a model that will express the 
heterogeneity. This will consequently produce dif-
ferent tariff system.

With that aim in mind, we assume that the fre-
quency of claims of every single insured of au-
tomobile third-party liability portfolio can be ap-
proximated by Poisson distribution, while the pa-
rameter θ  of Poisson distribution takes different 
values. Thus, each insured is characterized by a 
certain value of the parameter, which means that 
the behaviour of each insured is presented by the 
realised value θ  of a random variable Q . In that 
way, we get the expression which will represent 
the distribution of the total number of claims of 
the observed portfolio:     

( )
0 !

k

kp e g d
k

θ θ θ θ
∞ -= ⋅∫ ,    0,1, 2,...k =

where ( )g θ  is the density function of a ran-
dom variable Q . Previous expression is also 
called mixed Poisson distribution. We can further 
assume that the parameter Q  of  Poisson distri-
bution follows Gamma distribution whose param-

eters are  a  and  τ  - ( ): ,a τQ Γ : 

( ) ( )
1a ae

g
a

τ θτ θθ
- ⋅ -

=
Γ

,     , 0a τ >  

The resulting distribution of the number of cla-
ims in the portfolio known as a negative binomial 
distribution then have the following form [7]:

1 11

1 1

a k
a k

k

k a k a
p p q

k k

τ
τ τ

+ - + -      = =      + +        

Table 2.  Observed and  itted distribution of number of claims – Poisson distribution, the method of 
moments

Number of 

claims: X
Empirical frequencies (f

i
) Expected frequencies (f

i
’ )

(f
i
 - f

i
’ )

f
i
’

0 88.035 87.689.02 1.365080681
1 7.117 7.757.50 52.8825403
2 591 343.14 179.0416857
3 52 10.12 173.3476413
4 5 0.22 101.9359555
≥ 5 0 0.00 0.003959551
S 95.800 95.800 508.576863
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and whose parameters are:

( ) a
E X

τ
=

   
and

  

2 1
1

aσ
τ τ
 = + 
 

Hereupon, we can conclude that the value of a 
variance of the random variable which is adjusted 
to this distribution is higher than its mean value. 
The stated characteristic is especially important in 
the case of the sample analysis which contain the 
units coming from heterogeneous population [8], 
as it is the case in automobile third-party liability 
insurance where insured individuals show a con-
stant, but each different tendency (ie. probability) 
that they will suffer a claim. It is why this distribu-
tion could be an adequate choice for analysed ran-
dom value modelling. Therefore, we will carry out 
a testing of the adjustment of the observed data to 
Poisson-Gamma (negative binomial) distribution 
using the c2 goodnes-of-it test. 

Finally, using the critical value of the χ2 distri-

bution we have that 199.52
59,0;2 =c , wherefore 

from 59..0;2
22 199.575.0 cc =<=  we can con-

clude that null hypothesis can be sustained with 
the level of signiicance α = 0,05. In other words, 
the Poisson-Gamma model can be applied to this 
automobile portfolio. 

Binomial distribution presents another type of 
distribution for the modelling of claim counts. This 
is especially true in cases in which the stated ran-
dom value number of claims has the mean value 
which is higher than its variance. As we could see, 
it is not in accordance with any of described distri-
butions so far. The resulting number of values that 
binomial random variable can take stands as an-
other important feature of this distribution. It can 

be especially useful when, for instance, the num-
ber of trafic accidents per an insured per year is 
modelled. In the mentioned case it is fully justiied 
to set the upper limit of the modality of random 
variable deined as the number of claims, since it is 
physically impossible to associate positive proba-
bilities to individual values beyond the previously 
set limit. For instance, the mentioned upper limit 
in this example can be 12, so the probability of 
the frequency of claims beyond this limit would 
be considered insigniicant. Normal and Poisson 
distribution stand out as the two most important 
approximations of binomial distribution. In the 
irst case, when the sample size of the sample is 
large enough and when observed frequency does 
not show important skewness binomial distribu-
tion is well approximated by normal distribution. 
On the other hand, when the number of observa-
tions is very large and probability of success ex-
tremely low, then the approximation that matches 
binomial is Poisson distribution. From this rea-
son Poisson distribution is often called the law of 
small numbers [9], which can be understood eas-
ily through the occurance of claim in automobile 
third-party liability insurance: the probability of 
its occurance is huge, due to the great number of 
trafic participants, while, on the other hand, the 
probability of trafic accidents is still low. 

Finally, we will mention some other compound 
(mixed) distributions which are gaining more and 
more important role in contemporary literature on 
claim modelling in automobile insurance. 

Poisson-Inverse Gaussian distribution -

( ): ,X IGau m b  if  its probability density func-
tion could be presented by the following expres-
sion [10]:  

Table 3.  Observed and expected distribution of the number of claims: Poisson-Gamma distribution, the 
method of moments

Number of 

claims: X
Empirical frequencies (f

i
) Expected frequencies (f

i
’ )

(f
i
 - f

i
’ )

f
i
’

0 88.035 88.036.12 0.000014196
1 7.117 7.113.07 0.002169728
2 591 595.65 0.036225995
3 52 50.46 0.04679922
4 5 4.30 0.113951054
≥ 5 0 0.37 0.367671729
S 95.800 95.799.97 0.566831922
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( )
( )21

2

3
e

2

x
xf x

x

m
bm

pb

 
- - 
 =

 

, 0x >  

The expected value and variance of a random 
variable of the mentioned type are equal to: 

E[X]=μ 
       ( )Var X mb=

With introduced assumption that an unknown 
parameter of Poisson distribution Q  follows 
inverse Gaussian distribution, we will assume 
that E(Q)=1, since we want to ind the aver-
age claim frequency in a portfolio. Thus, from 

( ): 1,IGau bQ :

( )
( )21

1
2

3

1
e

2
f

θ
bθθ

pbθ

 
- - 
 

Q =

we get the resulting distribution of the number 
of claims in the porfolio: 

( )21
1

2

30

1

! 2

k

kp e e d
k

θ
bθθ θ θ

pbθ

 
- - ∞ -  = ⋅∫ ,    

0,1, 2,...k =             

Inverse Gaussian distribution is an excellent 
choice in modelling of values which take exclusive-
ly positive values of those that show right skew-
ness, which is characteristics of the claim frequency 
in automobile third-party liability insurance.

Poisson-LogNormal distribution - 

( )2: ,X lNor m σ , if the variable ln X  is normally 

distributed - ( )2ln : ,X Nor m σ , and whose prob-
ability density function is given by the following 
expression [11]:

( )
( )22

1
ln

21
e

2

x

f x
x

m
σ

p σ

 - - 
 = , 0x >

The mean and  the variance of a random vari-
able which is lognormally distributed are equal to:          

[ ]
2

2
E X e

σm
 

+  
 =

( ) ( ) ( )( )2 2exp 2 exp 1Var X m σ σ= + -

Finally, if we put
 

2

2

σm = -
 
in order to provide 

E(Q)=1, we get the resulting distibution of the 
number of claims in the portfolio:  

( )

( )22

2

ln 2

21

0

1

!2

k

kP N k p e e d
k

σθ

σ
θθ θ

σ p

 
+ 

 -
 -∞  -  = = = ⋅∫

The described mixed distribution can be suc-
cessfully implemented in such cases where anal-
ysed data show exquisite skewness. 

3.  Good risk/bad risk model: the main  

assumptions and implementation

For the modelling of claim counts in auto-
mobile third-party liability insurance, among the 
models that have been derived from the elements 
of Poisson processes which are successfully im-
plemented in certain cases, there is a model well-
known under the name: Good risk/bad risk (good 
driver/bad driver) model. 

This simple model [8] is based on the as-
sumption that all drivers (insured) of a portfolio 
in automobile third-party liability insurance can 
be divided in two categories: “good drivers“ and 
“bad drivers“. Each of the mentioned categories 
of drivers experiences different number of claims 
that can be approximated by Poisson distribution. 
If we mark a parameter of Poisson distribution - a 
random value of the number of claims for good 

drivers with 1θ  and the matching parameter for 

bad drivers with 2θ , then the resulting distribu-
tion of the number of claims in the portfolio can 
be presented by the following expression:

1 2

1 2! !
k k

k

e e
p a b

k k

θ θ

θ θ
- -

= ⋅ + ⋅
                                         

where a  and b  are relative frequencies of 
good and bad insured drivers in a portfolio, res-
pectively, which is why it is clear that: 1b a= - . 

Also: 1 2, , , 0a b θ θ > . 
The mean and the variance of a random varia-

ble that can be approximated by the mentioned 
distribution of Poisson type are presented by the 
following expressions:
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1 2a bm θ θ= ⋅ + ⋅

2 2 2
1 1 2 2a a b bσ θ θ θ θ= ⋅ + ⋅ + ⋅ + ⋅

Let us apply the model that we described on 
studied portfolio of the insured in automobile 
third-party liability insurance, noting that the ob-
served insured portfolio can be classiied into two 
categories - 65% good and 35% bad drivers, using 
the moments method. The probability that a good 
driver would report k  claims is one of the Poisson 

type whose parameter of distribution is 1 0.04θ = , 
and the probability that a driver from the category 
„bad drivers“ report k  claims is of the same type, 

but the parameter of a distribution is 2 0.13θ = . 
For the insured where there is no data on previous 
claims, the insurer is not able to decide which cat-
egory they belong to, so the expected total number 
of claims of this portfolio according to good risk/
bad risk model will be: 

( )0.65 0.04 0.35 0.13 0.0715n n⋅ ⋅ + ⋅ =

where n  is the number of insured drivers of the 
observed portfolio. 

In the following time interval, where the data 
on reported claims are available, it is possible to 
determine the probability that certain insured will 
belong to one or another category of drivers ac-
cording to his/her number of previous claims. 
Namely, by Bayes’ theorem on conditional prob-
ability, we will have:

( )
( )( ) [ ]

( ) [ ] ( ) [ ]

_

_

_ _

P good k claims

P k claims good P good

P k claims good P good P k claims bad P bad

  = 
  ⋅ =

  ⋅ +   ⋅   

[ ]

[ ] [ ]

[ ]
[ ] [ ]

1

1 2

1

1 2

1

1 2

1

1 2

!

! !

k

k k

k

k k

e P good
k

e P good e P bad
k k

e P good

e P good e P bad

θ

θ θ

θ

θ θ

θ

θ θ

θ
θ θ

-

- -

-

- -

⋅ ⋅
= =

⋅ ⋅ + ⋅ ⋅

⋅ ⋅
=

⋅ ⋅ + ⋅ ⋅

The upper line shows the probability that the 
insured will belong to the category of good driv-
ers under condition that during the irst year he/
she reported k  claims. Obviously, the mentioned 
probabilities are decreasing with the number of 
claims reported. In that way, the expression for the 
expected number of claims for the following (sec-
ond) year becomes:

( )( ) ( )( )( )1 2_ _n P good k claims P bad k claimsθ θ⋅ ⋅ + ⋅
                  

Finally, by including 008.59=n , the expect-
ed number of claims in the following year accord-
ing to reported claims, calculated by the studied 
model is given by the table 4.

4.  Conclusion

The frequency of claims presents a random 
variable of a discrete type. Choosing the appropri-
ate probability distribution function in modelling 
the number of claims can be deined as a statistical 
problem and its solving is of an extreme beneit 

Table 4.  The expected number of claims in the following year in the good risk/bad risk model given the 
number k  of claims reported during the irst year

The number of claims 

reported during the irst 
year- k

( )_P good k claims   ( )_P bad k claims  

Expected number of 

claims in the following 

year

0 0,6702 0,3289 6.664,33
1 0,3847 0,6153 9.137,12
2 0,1923 0,8077 10.795,99
3 0,0559 0,9441 11.972,03
4 0,0179 0,9821 12.299,67
5 0,0055 0,9945 12.406,58
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in determining the premium rate for each of the 
insurer. The base for carrying it out is the process 
of modelling of two random variables, which are 
claim frequency and claim severity. Regarding the 
complexity of the issue, in this paper we have es-
pecially analysed the frequency of claims. Also, 
the attention was focused on one of the types of 
non-life insurance – automobile third-party liabil-
ity insurance which is one of the most frequent 
type of insurance throughout the world. We used 
the original data provided from the portfolio of the 
largest automobile third-party liability insurer in 
Serbia, which accounts for almost 25% of the total 
population of the automobile third-party liability 
in this country and came to the following impor-
tant conclusions:

– Due to the great number of distribution 
functions that can be used for modelling  
of claims couts, irst it is necessary to limit 
their number to several functions. 

– In the area of automobile third-party 
liability insurance that has been especially 
analysed and for which can be said that it 
is the typical example of heterogeneous 
population of the insured, in the process of 
the modelling of claim counts it is not often 
appropriate to use Poisson distribution, but 
certain distributions derived from Poisson, 
especially Poisson-Gamma, as well as 
Poisson Inverse Gaussian.

– One of especially appropriate models that 
can be used for the modelling of claim  
counts in automobile third-party liability 
insurance is a good risk/bad risk model. 
By implementation of described model it 
is possible to predict the expected number 
of claims that will occur in the following 
year, which makes an excellent base point 
in the process of setting the rates as the most 
important task of actuarial work. 

Finally, we note that the modeling claim fre-
quency may be additionally improved by intro-
ducing additional variables into the analysis. Also, 
on the basis of conducted research, and by using 
results obtained, the determining of premium rates 
procedure begins. The described procedure based 
on the analysis of past experience of the insured 
is known as Bonus-Malus System and it is an in-

tegral part of tariffs of almost all automobile li-
ability insurers in the world. Through its applica-
tion such tariff system that punishes drivers who 
are responsible for the occurrence of the insured 
event is provided, which allows increasing of road 
safety and ensures principle of fairness. 

Due to the fact that the data mentioned could 
not be implemented into the model presented, the 
authors of this paper are intending to improve the 
problem of modelling of claim counts together 
with tariff process as described above.
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